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Lecture-1

Exact Differential Equations (EDE)



Unit 1:  Ordinary Differential Equations

(Book: Higher Engineering Mathematics by Dr. B.S. Grewal,Chapter-11)

Topic:

Exact Differential Equations (EDE)

Learning Outcomes:

1. What is the form of Exact Differential Equations.

2. What is the Necessary and Sufficient condition for an equation to be         

called as Exact differential equations.

3. How to solve an Exact differential equation.



Exact Differential Equation (EDE):

An equation of the form:

𝑀 𝑥, 𝑦 𝑑𝑥 + 𝑁 𝑥, 𝑦 𝑑𝑦 = 0 (1)

is called an exact differential equation if and only if:

𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
( Necessary and Sufficient Condition for EDE)

The solution of equation (1) is given by:

𝑦=𝑐𝑜𝑛.𝑀׬ 𝑥, 𝑦 𝑑𝑥 + ׬ 𝑇𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥 𝑑𝑦 = 𝐶(Constant)



Exact Differential Equation (EDE):

EDE Form:

Necessary and Sufficient Condition: 

Solution of EDE:  

𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0

𝜕𝑀

𝜕𝑦
=
𝜕𝑁

𝜕𝑥

න
𝑦=𝑐𝑜𝑛.

𝑀𝑑𝑥 +න 𝑇𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥 𝑑𝑦 = 𝐶



Solve the following differential equations:

Problem 1: 𝒙𝟐 − 𝒂𝒚 𝒅𝒙 = 𝒂𝒙 − 𝒚𝟐 𝒅𝒚

Solution: 𝑥2 − 𝑎𝑦 𝑑𝑥 + 𝑦2 − 𝑎𝑥 𝑑𝑦 = 0 (1)

Compare it with: 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0

Here 𝑀 = 𝑥2 − 𝑎𝑦 ⇒
𝜕𝑀

𝜕𝑦
= 0 − 𝑎 1 = −𝑎

And 𝑁 = 𝑦2 − 𝑎𝑥 ⇒
𝜕𝑁

𝜕𝑥
= 0 − 𝑎 1 = −𝑎

Since 
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
, so equation (1) is an exact differential equation.



Hence solution of equation (1) is given by:

𝑦=𝑐𝑜𝑛.𝑀𝑑𝑥׬ + ׬ 𝑇𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥 𝑑𝑦 = 𝐶

⇒ .𝑦=𝑐𝑜𝑛׬ 𝑥
2 − 𝑎𝑦 𝑑𝑥 + ׬ 𝑦2 𝑑𝑦 = 𝐶

⇒
𝑥3

3
− 𝑎𝑦 𝑥 +

𝑦3

3
= 𝑐

⇒ 𝑥3 − 3𝑎𝑥𝑦 + 𝑦3 = 3𝑐

⇒ 𝑥3 − 3𝑎𝑥𝑦 + 𝑦3 = 𝑐1 Answer. (3𝑐 = 𝑐1)



Problem 2: 𝒙𝟐 − 𝟒𝒙𝒚 − 𝟐𝒚𝟐 𝒅𝒙 + 𝒚𝟐 − 𝟒𝒙𝒚 − 𝟐𝒙𝟐 𝒅𝒚 = 𝟎

Solution: 𝑥2 − 4𝑥𝑦 − 2𝑦2 𝑑𝑥 + 𝑦2 − 4𝑥𝑦 − 2𝑥2 𝑑𝑦 = 0 (1)

Compare it with: 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0

Here 𝑀 = 𝑥2 − 4𝑥𝑦 − 2𝑦2 ⇒
𝜕𝑀

𝜕𝑦
= −4𝑥 − 4𝑦

And 𝑁 = 𝑦2 − 4𝑥𝑦 − 2𝑥2 ⇒
𝜕𝑁

𝜕𝑥
= −4𝑦 − 4𝑥

Since 
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
, so equation (1) is an exact differential equation



Hence solution of equation (1) is given by:

𝑦=𝑐𝑜𝑛.𝑀𝑑𝑥׬ + ׬ 𝑇𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥 𝑑𝑦 = 𝐶

⇒ .𝑦=𝑐𝑜𝑛׬ 𝑥
2 − 4𝑥𝑦 − 2𝑦2 𝑑𝑥 + ׬ 𝑦2 𝑑𝑦 = 𝐶

⇒
𝑥3

3
− 4𝑦

𝑥2

2
− 2𝑦2(𝑥) +

𝑦3

3
= 𝑐

⇒ 𝑥3 − 6𝑥2𝑦 − 6𝑥𝑦2 + 𝑦3 = 6𝑐

⇒ 𝑥3 − 6𝑥2𝑦 − 6𝑥𝑦2 + 𝑦3 = 𝑐1 Answer. (6𝑐 = 𝑐1)



Problem 3: 𝒚 𝐬𝐢𝐧𝟐𝒙 𝒅𝒙 − 𝟏 + 𝒚𝟐 + 𝒄𝒐𝒔𝟐𝒙 𝒅𝒚 = 𝟎

Solution: 𝑦 sin 2𝑥 𝑑𝑥 − 1 + 𝑦2 + 𝑐𝑜𝑠2𝑥 𝑑𝑦 = 0 (1)

Compare it with: 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0

Here 𝑀 = 𝑦 sin 2𝑥 ⇒
𝜕𝑀

𝜕𝑦
= sin 2𝑥

And 𝑁 = − 1 + 𝑦2 + 𝑐𝑜𝑠2𝑥 ⇒
𝜕𝑁

𝜕𝑥
= − 2 cos 𝑥(− sin 𝑥) = sin 2𝑥

Since 
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
, so equation (1) is an exact differential equation



Hence solution of equation (1) is given by:

𝑦=𝑐𝑜𝑛.𝑀𝑑𝑥׬ + ׬ 𝑇𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥 𝑑𝑦 = 𝐶

⇒ .𝑦=𝑐𝑜𝑛׬ 𝑦 sin 2𝑥 𝑑𝑥 − ׬ 1 + 𝑦2 𝑑𝑦 = 𝐶

⇒ 𝑦
− cos 2𝑥

2
− 𝑦 −

𝑦3

3
= 𝑐

⇒ −3𝑦𝑐𝑜𝑠2𝑥 − 6𝑦 − 2𝑦3 = 6𝑐

⇒ 3𝑦𝑐𝑜𝑠2𝑥 + 6𝑦 + 2𝑦3 + 𝑐1 = 0 Answer. (6𝑐 = 𝑐1)



Problem 4: 𝒔𝒆𝒄 𝒙 𝒕𝒂𝒏 𝒙 𝒕𝒂𝒏 𝒚 − 𝒆𝒙 𝒅𝒙 + 𝒔𝒆𝒄 𝒙 𝒔𝒆𝒄𝟐𝒚 𝒅𝒚 = 𝟎

Solution: 𝑠𝑒𝑐 𝑥 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 − 𝑒𝑥 𝑑𝑥 − 𝑠𝑒𝑐 𝑥 𝑠𝑒𝑐2𝑦 𝑑𝑦 = 0 (1)

Compare it with: 𝑀𝑑𝑥 + 𝑁𝑑𝑦 = 0

Here 𝑀 = 𝑠𝑒𝑐 𝑥 𝑡𝑎𝑛 𝑥 𝑡𝑎𝑛 𝑦 − 𝑒𝑥 ⇒
𝜕𝑀

𝜕𝑦
= 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐2𝑦

And 𝑁 = 𝑠𝑒𝑐 𝑥 𝑠𝑒𝑐2𝑦 ⇒
𝜕𝑁

𝜕𝑥
= 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑠𝑒𝑐2𝑦

Since 
𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
, so equation (1) is an exact differential equation



Hence solution of equation (1) is given by:

𝑦=𝑐𝑜𝑛.𝑀𝑑𝑥׬ + ׬ 𝑇𝑒𝑟𝑚𝑠 𝑜𝑓 𝑁 𝑓𝑟𝑒𝑒 𝑓𝑟𝑜𝑚 𝑥 𝑑𝑦 = 𝐶

⇒ 𝑦=𝑐𝑜𝑛.(𝑠𝑒𝑐𝑥׬ 𝑡𝑎𝑛𝑥 𝑡𝑎𝑛𝑦 − 𝑒𝑥)𝑑𝑥 + ׬ 0 𝑑𝑦 = 𝐶

⇒ 𝑡𝑎𝑛𝑦 𝑠𝑒𝑐𝑥 − 𝑒𝑥 = 𝑐 Answer.



Some examples from your text book
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