MTH 166

Lecture-1
Exact Differential Equations (EDE)




Unit 1. Ordinary Differential Equations

(Book: Higher Engineering Mathematics by Dr. B.S. Grewal,Chapter-11)

Topic:

Exact Differential Equations (EDE)

L_earning Outcomes:

1. What is the form of Exact Differential Equations.
2. What is the Necessary and Sufficient condition for an equation to be
called as Exact differential equations.

3. How to solve an Exact differential equation.



Exact Differential Equation (EDE):

An equation of the form:
M(x,y)dx + N(x,y)dy =0 (1)

IS called an exact differential equation if and only If:

aa_"; — ‘;—’;' ( Necessary and Sufficient Condition for EDE)

The solution of equation (1) Is given by:

fy=con_ M(x,y)dx + [(Terms of N free from x)dy = C(Constant)



Exact Differential Equation (EDE):

EDE Form: Mdx + Ndy = 0

oM 0N

Necessary and Sufficient Condition:
dy 0x

Solution of EDE:

f Mdx + j(TermS of N free fromx)dy =C
y=con.




Solve the following differential equations:

Problem 1: (x* — ay)dx = (ax — y*)dy

Solution: (x% — ay)dx + (y? —ax)dy =0 (1)

Compare it with: Mdx + Ndy = 0

HereM=(xz—ay):aa—ﬂj=0—a(1)=—a

AndN=(y2—ax)=>g—I;’=O—a(1)=—a

Since Z—Iyw = Z—Z, so equation (1) Is an exact differential equation



Hence solution of equation (1) Is given by:

fyzcon. Mdx + [(Terms of N free from x)dy = C

= fyzcon_(xz —ay)dx + [(y*)dy =C

3 3
:x?—ay(X)-l—y?zc

= x3 —3axy + y? = 3c

= x3 — 3axy + y> = ¢; Answer. (3¢ = ¢;)



Problem 2: (x% — 4xy — 2y%)dx + (y* — 4xy — 2x%)dy = 0

Solution: (x? — 4xy — 2y¥)dx + (y? — 4xy — 2x%)dy =0 (1)

Compare it with: Mdx + Ndy = 0

Here M = (x? — 4xy — 2y?%) = y=—4x—4y

AndN=(y2—4xy—2x2):/~g—1:=—4y—4x

Since Z—f gx so equation (1) Is an exact differential equation



Hence solution of equation (1) Is given by:

fyzcon. Mdx + [(Terms of N free from x)dy = C

= fyzcon_(x2 —4xy — 2y%)dx + [(y*)dy = C

3 2 3
:%—4y(x7)—2y2(x)+y?=c
= x3 — 6x%y — 6xy% + y3 = 6¢C

= x3 — 6x%y — 6xy% + y3 = ¢; Answer. (6c = cq)



Problem 3: (ysin2x)dx — (1 + y* + cos?x )dy = 0

Solution: (ysin2x)dx — (1 +y% + cos?x)dy =0 (1)

Compare it with: Mdx + Ndy = 0

Here M = (ysin2x) = —y = sin 2x

And N = —(1 + y? + cos?x ) = g_z;/ = —(2 cosx(—sinx)) = sin 2x

Since Z—f gx so equation (1) Is an exact differential equation



Hence solution of equation (1) Is given by:

fyzcon. Mdx + [(Terms of N free from x)dy = C

= [ consin20)dx = [(1 +yH)dy = C

= —3ycos2x — 6y — 2y> = 6¢

= 3ycos2x + 6y + 2y3 + ¢, = 0 Answer. (6c = cq)



Problem 4: (sec x tan x tan'y — e*)dx + (sec x sec’y )dy = 0

Solution:(sec x tan x tan y — e*)dx — (sec x sec?y )dy = 0 (1)

Compare it with: Mdx + Ndy = 0

oM
Here M = (secxtanxtany — e*) = 5, = Secx tanx (sec?y)

And N = (sec x sec?y ) = Z—I;’ = (secx tanx)sec?y

Since Z—f gx so equation (1) Is an exact differential equation



Hence solution of equation (1) Is given by:

fyzcon. Mdx + [(Terms of N free from x)dy = C

= fyzcon_(secx tanx tany —e*)dx + [(0)dy = C

= tany(secx) — e* = ¢ Answer.



Some examples from your text book

Thus the equation is exact and its solution is
) Mdx + ] (terms of N not containing ) = ¢

I(ywt
L6, I(ym’ (1+2zyoosx2-2ay)dx=c or z+y“cosx2.2xdx-12xdx]=c
o r+ysing’ -yl =,



Solution, Given equation can be written as
(ycosx+siny+y)dx+(sinx+xcosy+x)dy=0.
Here M=ycosx+siny+y and N=sinx+xcosy+x.

-f-w-=cosx+oosy+1= -@E

dy d
Thus the equation is exact and its solution is

f(,ﬂf,;"i‘, + [(termsoanotoontanmng-x)dy =¢

[(ywsx+siny+y)'dt+](0)d,t=c or ysinx+(siny+yx=c.
(y const.)



Solution. Here M =y2e’°? +4x® and N= 2xy'e’°" - 3y?
oM 2 oN

—éy—=2ye” +y2e").2xy=-5x—

Thus the equation is exact and its solution is
Mdx + [ (terms of N not containing x)dy = ¢
const.)

ie., (yze",’r +4x%)dx + I(—-Syz)dy =c or & +xt—-yS=c.

I(y const.)

Then the equation is exact and its solution is
Mdx + I(terms-ofN not containing x)dy =c¢

I(.V const)

1 = —_—
I(ycunat) {(1+;)y+cosy}dx-c or (x+logx)y+xcosy=c.
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